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Analysis of Impact of a Moving Body on an
Orthotropic Elastic Plate

R. K. Mittal* and M. R. Khalilif
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The problem of transverse impact on large orthotropic elastic plates due to moving impactors is investigated
in this paper. The contact force produced during impact is obtained through Sveklo’s contact theory for
anisotropic bodies. The usual assumption of the contact force being concentrated at a point has been discarded,
and instead the elliptical contact region as predicted by the contact theory is considered. The contact force
history and the central deflection are only marginally influenced by this replacement as long as the size of the
ellipse does not exceed a limit, which for a graphite fiber/epoxy plate of thickness 8 mm is about 1 X 10~4 m;
i.e., the size of the ellipse is approximately 1/80 of the plate thickness. However, there is a noticeable effect of
a nonzero contact area on the evaluation of the bending curvatures. Also, the well-known singularity in this
evaluation is eliminated. The analysis has been illustrated for the case of a graphite fiber-reinforced epoxy plate

impacted by steel balls.

1. Introduction

ITH the increasing use of fiber-reinforced composite

materials as load bearing structural members, it is es-
sential to understand their response to transverse impact loads
for two reasons. Firstly, it is well known that the impact
resistance of these materials is poor although the static strength
and stiffness in the fiber direction are very good. Secondly,
even under low-velocity impact loading, these materials can
suffer damage such as internal cracking or delamination. Air-
craft structural components where these materials are often
used are some times subjected to foreign body impacts such as
bird strikes, inadvertent falling of tools during maintenance,
etc. These accidental loadings can be very serious and the
damage is often invisible. Therefore, a detailed understanding
of the dynamic behavior of plates and beams made of aligned
fiber-reinforced composites when struck by a moving object is
very much needed. For isotropic materials this problem has
received adequate attention and the results are well-docu-
mented.!-? As will be discussed in the next section, this prob-
lem is a synthesis of two important problems in the mechanics
of solids, viz. the interaction between two bodies in contact
and pressing against each other (contact law) and the response
of a beam or plate to a known force history. Often this force
is assumed to be concentrated at a point.

For two isotropic bodies in contact, Hertz’s contact law is
generally used. However, when one of the bodies involved in
contact is orthotropic as in the case of a compact isotropic
body (impactor) striking a fiber-reinforced plate, then Hertz’s
law needs to be modified or replaced by a law which is also
applicable to anisotropic bodies. Various modifications of
Hertz’s law for transversely isotropic bodies and generally
orthotropic bodies have been discussed by Greszczuk.* One of
the simplest modifications is to replace the expression E/(1 — v?)
occurring in the case of an isotropic plate by E,/(1 — v, v,,)
for a transversely isotropic plate where E, is the elastic mod-
ulus in the thickness direction (z-axis) and the v’s are the two
Poisson’s ratios in the r-z plane. This simple modification has
been used by some authors® for an orthotropic plate arguing
that v, v, = 0, while many investigators have preferred to use
a contact law determined from static indentation tests.’-'0 It
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may, however, be pointed out that the static tests on laminates
showed different loading and unloading curves and appropri-
ate power laws were fitted. On the other hand Sveklo’s'!
analysis gives a complete description of elastic contact be-
tween two anisotropic bodies. Because of its mathematical
complexity, it has not been used much except by Frischbier.!?

As mentioned previously, the contact force is generally as-
sumed to be acting at a point. This leads to a mathematical
difficulty, viz. the expressions for bending curvatures become
singular®!%13 while the use of a nonzero contact area elimi-
nates the singularity.!* This aspect has been discussed in detail
by Khalili'® and Mittal and Khalili.'® While some authors have
arbitrarily assumed the shape and size of contact area as well
as the distribution of the contact force over this area,®!* no
analysis has been presented so far which considers the actual
elliptical contact area as predicted by Hertz’s contact theory
for isotropic bodies and by Sveklo’s theory for anisotropic
bodies.

In the present work, Sveklo’s analysis has been used to
obtain the size and shape of the contact area between an
isotropic impactor and an orthotropic plate. The nature of the
contact force distribution is also consistent with the contact
theory to emphasize a physically realistic situation. The salient
features of the contact theory and the expressions for deter-
mining the response of a large orthotropic elastic plate will be
discussed later. The plate is considered to be large if the fastest
flexural waves produced by the impact force do not return,
during the time interval of the application of the force, to the
point of impact after being reflected at the boundary of the
plate. In other words,the reflected waves do not interfere with
the impact phenomenon.

II. Basic Equations

Let a large orthotropic plate be subjected to transverse
impact as shown in Fig. 1. The axes (x, y, z) are the material
coordinates and the origin of the coordinate system is at the
center of the contact zone. For a fiber-reinforced plate, the x
axis is along the fibers and the y axis is transverse to the fibers
in the midplane of the plate. The plate is homogenous and
uniformly thick, with thickness # and density p. The flexural
rigidities of the plate, D, and D, are defined’? as

E.h?
Dy=— M
12(1 — vgyvy)
3
D, Eh ¢))

T 1231 — vyeuy)
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Fig. 1 Elastic orthotropic lamina subjected to a transverse load due
to impact; details of the contact area are shown separately.

where E, and E, are the elastic modulii of the plate along the
fiber direction and transverse to fiber direction, respectively.
vyy and vy, are the two Poisson’s ratios of the plate in the x-y
plane. Also, the effective torsional stiffness of the plate D; is
defined as

Gy h?

1
Dy =3 Dyvye + Dyuyy) + A3)

where G,, is the shear modulus of the plate in the x-y plane.
For the study of the impact behavior of a plate, it is essential
to understand the contact phenomenon between two elastic
bodies and this is embodied in a contact law. Also, the re-
sponse of a plate to an applied distribution of transverse force
must be known. These two aspects are discussed next.

A. Contact Theory for Two Anisotropic Bodies

Since Sveklo’s analysis!! of contact between two anisotropic
bodies shows many features common with Hertz’s theory!* of
contact for isotropic bodies, we label this analysis as the
Hertz-Sveklo contact theory. According to this theory the
contact force is distributed over an elliptical region with g and
b as semi-axes and the distribution of the contact force is as
given below:

O

2 21%
px,y, t)=—3F(t) [1 ad y]

2wab

where F(t) is the total impact force. It may be noted that the
contact theories are actually static theories, that is, the applied
force is independent of time. However, as pointed out by
Rayleigh!® and others,!*!° these theories are still valid for
dynamic situations provided the time of contact is much larger
than the time period of the fundamental mode of vibrations of
the striker. This is valid if the striker is a small compact mass
as compared to the plate.

The impact force F(¢) is related to the relative approach,
6(t) between the striker and the plate through the well-known
equation

F(t) = K5(1)*"? )]

where the constant K is determined from the properties of the
striker and the plate. When both the bodies involved in con-
tact are isotropic the expression for the constant K can be
easily obtained.*'? It may also be noted from Hertz’s theory
that if the impacting bodies are bodies of revolution at least in
the neighborhood of the point of contact, then the contact zone
is circular with a radius which is proportional to F*,

Although Eq. (5) is valid for anisotropic bodies also, the
expression for K is more complicated than its isotropic coun-
terpart. This is given as follows:

3 GYA, . |23
Y Rei Aghg 40 }
47 0 j=lk=1 Aoj (1 — ezsin20)3/2

T 3/2
H % Pre i_Lg‘)Akféﬁ]
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where i2= —1 and Re represents the real part of the expres-
sion and A’s involve the elastic constants of the two bodies
(j =1 or 2) and the roots of two sixth-order polynomial
equations. These expressions are available in Refs. 11 and 12.
R, and R, are defined as

Rx Rxl Rx2

1 1 1
==t @®
R, Ry Ry

where R, and R,, are the principal radii of the curvature of
body 1 in the vicinity of the point of contact while R,; and R,
are the principal radii of curvature for body 2. For the sake of
simplicity we consider the case of normal planes containing
curvatures 1/R,; and 1/R,, to be coincident. This is always
true if the bodies are spherical or plate-like in the vicinity of
the contact point. In this particular case the principal planes
can be chosen to contain the direction of fibers reinforcing the
plate and the transverse direction.

The other two parameters contained in the expression (6),
viz. € and A have to be obtained from the following equations:

02 _ b2
g ©)

A= /% (1 — e%sin%) (10)
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It may be pointed out that from the Eq. (9), ¢ is the eccen-
tricity of the ellipse and is determined by numerically solving
Eq. (11). From Eqgs. (9) and (10) A and a/b are obtained.
However, to obtain ¢ and b separately, the contact force F
must be known as may be noted from the following equation
of Sveklo’s analysis:

3 (F\["& & AD Ay do 1 1
<—>§ Y YRei 08 +— (12)

Zr_ a’ 0 j=1lk=1 Aoj (l - EZSin20)3/2 - R_x Ry

Equation (12) shows that for a given pair of impacting
bodies, (F/a3) is constant. Thus ¢ and hence b are propor-
tional to F” as in the case of isotropic bodies.

B. Deflection of an Orthotropic Plate due to Transverse Load

For the evaluation of F, it is essential to consider the deflec-
tion of the plate. It has been shown by Mittal and Khalili'é that
the deflection of an orthotropic plate due to a transverse load
distributed over an elliptical impact area is given by the fol-
lowing equation:

t /2 (* oo
wx, y, t)= 7{2\3/@ SOF(T)L jo cos(xp cos ¢p)cos(ypsin ¢)

sin Ap?

xg) — ® ap do dr (13)

where
t -_

Voh

~

A= (14)
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& =/D;cos* + 2Dscos’¢ sin’p + Djsinte 15)
A? = p2a?(1 — esin?¢) (16)
1 [sinA
A)=— - 17
&) AZ[A cosA] 17
and
A = pavV'1 — e%sinp (18)

The deflection at the center of the ellipse, that is, at x =0,
y =0 is given by the following expression:

w(0, 0, t) = wy(t)

3 |7 Smgm sin Ap2®
= F(r A)—————dpdo d 19
WZ\/;}'—ISO ()0 0g() T p d¢ dr 19

This integral can be evaluated numerically for a given total
force history F(r) and the dimensions @ and b of the ellipse.
However, if A—0 which happens when ¢ —0, implying that
the load is concentrated, then g(A)— V3, and the above expres-
sion can be evaluated exactly. It has been shown!? that

F(r) dr (20)

F(x/2,K) S !
0

MO = ok (DD

where F(w/2, K) is the complete elliptic integral of the first
kind and

(D3/Dy)

[
K= |~-
2 2Dy/D,

(21)
Equation (20) was independently obtained by Olsson (See
Appendix in Ref. 5) by a different approach. This equation is
the orthotropic counterpart of the expression, obtained by
Boussinesq,? for the deflection of an isotropic plate subjected
to a concentrated transverse load, that is,

1 t

wit) =—=—= | F 22

0( ) 8 ‘\/D—ph \8\0 (T) dr ( )
where D is the isotropic flexural rigidity. Both equations show
that the central deflection is proportional to the impulse im-
parted to the plate by the striker which is represented by the
integral in Egs. (20) and (22). The constant of proportionality,
called the plate parameter (o), is the term outside the integral
in these equations.

When the load is distributed over a small elliptical region of
the plate, instead of being concentrated, the central deflection
may depend on the shape and size of the region because of the
presence of the g(A) term in Eq. (13). This dependence has
been explored numerically in the next section for a simple load
history.

Finally, it also possible to determine the bending and twist-
ing curvatures at any point of the plate. When the load is
distributed, the curvature 8%w/9%x is given as:

Pwx,y,t) -3 S’
ax? 7 ph

/2

F (T)S [cos2¢]

0

0

X S cos(xpcos p)cos(ypsin d)g(A)
0
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W AP de dr 23)
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w(x,y,1)
ay?
and
Pw(x,y,t)
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the term within [ ] is replaced by sin?$ and cos ¢ sin ¢, respec-
tively. At the center of the ellipse the expression (23) can be
shown to simplify to the following:

3wlt) -6 S ! rzcoszdz
-— |\ F T WrA®/2
ax? w2a*Nph Jo @ o ®B3 N ]
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where

aB
7 =—F— B=Vl'—623in2¢
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Also, C and S are Fresnel’s integrals defined as

C@)= j cos<I t2> dt 25)
0 2

S(z) = S sin<I t2) dr (26)
o \2

The expressions for other curvatures can be written in a
similar manner. However, when the load is concentrated the
bending curvatures are given by the following simple expres-
sions obtained after some mathematical manipulations:

FPwot) | F(@
P th_TdT @n
Fwolt) _ § ‘@
a2 =B T (28)

where 8, 8, are the plate parameters for curvatures and are
given by the following expressions:

-1

Bx = o 2D:(VD\D; + Dy)] =" 29
-1

By = 2 BDVDD, + Dyl & (30

The twisting curvature vanishes at the point of load appli-
cation. For a concentrated load the expressions (27) and (28)
for bending curvatures exhibit singularity at # = 7 which im-
plies infinite stresses at the point of loading. This singularity
was pointed out by Sneddon!# for an isotropic plate and
Schwieger? tried to eliminate it in a semi-empirical way for an
isotropic plate. Frischbier'? adopted same procedure for an
orthotropic plate. The nature of the singularity has been stud-
ied in detail in a separate publication.!® However, if the load
is not concentrated but distributed over a small region, then
the equations of the type (23) are applicable and these exhibit
no singularity. In addition, a distributed load is more realistic.

C. Equation for the Determination of Impact Force

The following equation for determining the force history
during impact (see, for example Refs. 3 and 13) is well
established,

Fol*_ 1,
% = Vg —ms , (M) — 1) d7 — wy(t) (31)

where m; and v, are, respectively, the mass and the striking
velocity of the striker. For a concentrated load wy(f) is given
by Eq. (20). However, as mentioned previously, a concen-
trated load is only an idealization and actually the force is
distributed over an elliptical area. Then, wy(t) is given by Eq.
(19). Thus the appropriate equation becomes

-,
2 —vet == | F)(t ~ ) dr
K ms lo

sin Ap%®

3 t /2 " oo
- F
wzmgo (T)So Lg(A)x pd

dpdo dr  (32)
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Not only is this equation more complicated than the equation
for the concentrated load, there is one more difficulty. The
function g(A) depends on A which is itself a function of the
parameter @ and ¢ of the ellipse. Also, it was pointed out in
Sec. I1.A. that a depends on the magnitude of the force since
a/F? is constant. Let this constant be C. Thus the last integral
on the right side of the equation cannot be evaluated numeri-
cally before the impact force is known. An alternative to this
difficulty is an iterative procedure in which the first approxi-
mation of the force history may be obtained by assuming a
concentrated load as will be discussed later. Let this be F(¢).
Using FO(¢), the first approximation w{’(¢) of the central
deflection is obtained from Eq. (19). In calculating this, the
value of a is modified at each integration step since a = CF*.
Now a modified plate parameter (o} ) defined as

(1),
ap = ) (33)
| FO) dr

is obtained and compared with o, for the concentrated load. If
both differ appreciably, then further iterations are necessary.
Fortunately, even for the quite severe cases of impact loading
considered by us, o and o, differed by less than 0.1%. Thus
a concentrated load assumption is justified for the determina-
tion of impact force. When the force is assumed to be concen-
trated, the equation for the determination of impact force can
be nondimensionalized to a simple form. Now introduce the
following nondimensional quantities:

T
t=—> f=— 34
To " T 39
T t
fiy=—==2 F<——) (35)
mgVo To
In these expressions T, is the reference time given by the
following expression:
2 s (6)
m
VQK

After substituting Eqs. (34-36) into Eq. (31) and simplifying,
we obtain the following simple form:

t t
fAay=t - j St —7)dr’ - )\S SfG@E)ydr (37
0 0
This integral equation for the determination of impact force
depends on a single parameter A, called the impact parameter.
Zener?! has called it the inelasticity parameter because the
impact behavior, particularly the coefficient of restitution, is
completely known by it. This parameter is given by the follow-
ing expression:

m
A= “”T S = 0, (MoK (38)
0

Thus if the parameters oy, mg, v, and K are known for an
impact problem, then the history of the impact force is also
fully known.

II. Numerical Results and Discussion

To carry out the numerical integration of various equations
discussed in the previous section, the data pertaining to a
large plate of graphite fiber-reinforced epoxy with 60% by
volume of fibers was considered. Such a plate was also consid-
ered by Frischbier!? for his theoretical analysis. He has also
reported experimental results for transverse impact with steel
balls of various sizes and moving with different velocities.
However we have considered only one typical case for numer-
ical analysis. In this case the data for the steel ball are given
here: mass (my) = 0.22 kg, ball radius (R,;) = 17.7 mm, and
impact velocity (vo) = 0.25 m/s.

The elastic and the other properties of the plate and the ball
materials follow:

Plate

E, =123.0 GPa D; =5284 Nm
E, =9.5GPa D, =408 Nm
G,, = G,, =4.7 GPa D; =524 Nm
G, =3.2 GPa p =1515 kg/m’
Uy = Uy =03 h =0.008m

Upe = Uy = 0.023 ap =10.4 x 10~* m/Ns
Uy = Uy =0.48

Ball

E; =211.0GPa

v, =0.28

os = 7850 kg/m}

To determine various parameters dealing with impact, the
following step-wise procedure was adopted. First, it is easily
noted from Egs. (7) and (8) that

—=—== 39)

because R,; = R,; = R, and R,, = R), = o where subscripts 1
and 2 refer to the ball and the plate, respectively. Also, from
the engineering constants mentioned earlier, the stiffness ma-
trices (Cj;); and (Cy), for the ball and the plate can be calcu-
lated, using the relationships available in textbooks.!”

First, the evaluation ¢ was taken up using Eq. (11). As
0 < # < 7/2, this interval is divided into # suitable subintervals
of size A9 and for each 8 =iA0; (i=1, 2, 3,..., n), the
following determinental equation is solved:

ch (Ci2+ Cee)cos 0sin 8 u(Ciz+ Css)cos 6
(Ci12 + Cee)cos 6 sin 6 Ch u(Cas + Cag)sin b
p(Cy3 + Css)cos § #(Ca3+ Cyy)sin o]
=0 (40)

where
C% = Cyy cos® + Cgg sin20 + Css p?

Cz’s = Cgs cos%0 + Cy sin%0 + Cy ;Lz “41)
C35 = Css5 0820 + Cyy sin’0 + Cy3 p?

The preceding equation yields a sixth-order polynomial
equation in x4 and must be separately solved for the steel ball
and the plate. Only even powers of u occur in the polynomial
equation and it is sufficient to consider the roots as p, 3, u3
which, as shown by Sveklo!! are either all negative or one of
them is negative and the remaining two are complex conju-
gates of each other.

After the determination of u’s various A’s are determined,
the expressions for which are rather involved and can be
obtained from Refs. 11 or 12. Again, these calculations are
carried out both for the ball and the plate separately and then
substituted into the integral equation (11) to obtain e.

On account of the complexity of these expressions, no direct
solution is possible for this integral equation. Therefore, the
integral was first evaluated for various values of €2, both
negative and positive, since € is negative if » >a. The interval
in which the sign of the integral changes is further subdivided.
This is continued iteratively until a desired accuracy of €? is
achieved. In the present example it was found that €2 = —0.41.
Substituting this value of €2 into Eq. (12), using Eq. (39) and
carrying out the numerical integration, the following value is
obtained:

a/YFR; = 4.16 x 10~* m/(Nm)"
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It may be pointed out at this stage that 2 and a/(FR,)”
depend only on the elastic parameters of the ball and the plate.
Consequently, on account of Eq. (12), the semi-axes of the
ellipse, that is, @ and b, are directly proportional to F** and
R,”. These results are of obvious practical significance. Fi-
nally, the parameter X is obtained from Eq. (6) and it is easily
determined that the quantity K/(R;)” depends only on the
elastic properties of the ball and plate. In the present case
K/(Ry)" = 1.738 x 10'° N/m?.

Having determined K (because R, is known), one can pro-
ceed with the evaluation of the contact force history and then
the deflection and bending curvatures of the plate. However,
before carrying out this evaluation, it is useful to investigate
the effect of @ and € on the central deflection of the plate.

A. Effect of Size and Eccentricity of the Contact Ellipse

To study these effects a rectangular pulse loading as defined
hereafter was used:

Fy for

F(t)={ O0<t=T,

0 for t>T, “2)

First, the effect of a was considered for a fixed value
€2 = —0.41. The value of @ was varied from 1x 10-7 to
0.5 x 10-2 m. The values of w(x, y, t) were found for various
points (x, y). However, only one instant of time (' =t/
T. = 1.0) was considered as deflection is maximum at that
instant.

The results of numerical integration of Eq. (13) are shown
in Fig. 2 after normalization with respect to the deflection
obtained for the case of a concentrated load (¢ = 0). This
value is known theoretically only at the center (x =y =0),

wo (a)
wola=o0)
1.000
0.995+
0:990}- 5
0.9850 1. x =00,y =00m 3
2.00025, 0.0025 m
0.980l 3 0:005, 0.005m
4.0.0075,0-0075m 2
0.9751 5.0 ,0-00m
1
0.970 coavvien] s e el 1 [T BN S ETET N ST
1x167  1x1G8 1x10 3 1x10 4 1%10

Leg a

Fig. 2 Effect of contact area size on the deflection of an orthotropic
plate at the end of a rectangular pulse load (/7. = 1).

t /Tc=0.5
——————————— 1.000
o ot
€= wo (£ 20)
0.999
~40.998
= 0.00001m ———
t/Tc=1.0 ¢ go01m
6=0.002m ———
o.997
t/1c=0.5
1 i | 1 1 ! 0.996
-07 -06 -05 -04 ~—03 =-02 ~OI 0

e?

Fig. 3 Influence of the shape of contact area on deflection of an
orthotropic plate at the end of a rectangular pulse load for different
values of t/T,.

1.0 .
f(t) A=0.25
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0.8 0.75
1.0
(1425
0.6 1-50
1,75
0-4
02f
0 M- | |
0 1.0 2.0 3.0 , 40 5.0 6.0 7.0
a) t
; 0.4
f(t) A= 2
3
.3 4
0 5
6
7
8
0.2 9
0.1
0 1
0 05 1.0 15 20 25 3.0 35 40 45 50
b). t

Fig. 4 Variation of dimensionless impact force f(¢’) with dimen-
sionless time ¢’ for various values of the impact parameter A: a)
0<A<2and b)2=<A<9.

from Eq. (20). However, it is seen from this figure that for the
plate under consideration the deflection at all points remains
unchanged when & is less than 1 X 10~* m or so which was,
therefore, used to represent the deflections corresponding to
the @ = 0 case. When the value of @ exceeds 1 X 10~ m there
is a rapidly increasing error in the determination of deflection
if the actual contact ellipse is replaced by a point. At the center
of loading this error is at its maximum and can be around 3%
for @ = 5 mm. Away from the center the magnitude of error
decreases.

Next, considering the effect of €2, it is observed from Fig. 3
that the error involved is negligible even for ¢ = 0.002 m. For
a =1 x 10~3 m there is no error. Another point to be noted is
that initially (¢/7T, = 0.5) the effect of eccentricity of the con-
tact region is greater but afterwards the effect is much smaller.
In view of this analysis of the roles of a and €2, a point load
can be safely replaced by a distributed load for the purpose of
numerical integration such that ¢ = 1 X 10-% m and ¢ = 0.0,
that is, the contact zone is a circle of radius 1 um.

For any load history F(¢) the dynamic response of the plate,
i.e., the deflection and the bending curvatures at any point of
the plate, can be obtained by integrating Eqs. (13) and (23).
These equations are obviously more cumbersome than their
concentrated load counterparts (obtained by lettinga = b =0
and g(A) = ¥5). To check the validity of the numerical solu-
tion it is necessary to compare it with the analytical solution
when the latter is available. One such case is that of an
isotropic plate for which D, = D, = D; = D where D is the
flexural rigidity of the plate.

For the isotropic plate subjected to a concentrated load,
exact expressions have been obtained for the deflection and
bending curvatures of the plate.'® In the same paper, a com-
parison has been made between the deflection at any point
using Eq. (13) with ¢ = 1 x 10~ % m, and that obtained by the
exact solution assuming a concentrated load. The agreement
between the numerical solution and the exact solution was
found to be very good at all points of the plate. On the other
hand, such a comparison for bending curvatures was satisfac-

_ tory everywhere except under the point of loading. This is due
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A = 2-43 Wo MM
m =0.
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Vo=1-25m /s |
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80008 —80
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400}-0. —40
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Fig. 5 Variation of impact force history F(¢), size of contact ellipse
a(t), and deflection of the center of the ellipse wo(z) with dimension-
less time ¢’; for wo(t), (®) represents the case a = 1 X 10-6 m while
() represents the actual size of the contact area.

to the presence of a singularity in the exact solution for bend-
ing curvatures at x = 0 and y = 0, which has been discussed
earlier. To overcome the singularity, Schwieger’s semi-empiri-
cal method was used. This resulted in an error of approx-
imately 8% . Details of these calculations are available in Ref.
16. Finally, it may be stated that the numerical procedure for
the integration of Eqgs. (13) and (23) yields quite accurate
values of the dynamic response functions of an orthotropic
plate and is applicable at all points, even for a concentrated
load which is simulated by a circle of radius = 1 uym.

B. Determination of Contact Force

After having determined the values of €2, K(R,)~ ", and
a(FR,)~" for the contact problem, and having established
that the appropriate value of a must be used for further
analysis, the history of the contact force can be obtained by
the solution of the nonlinear integral equation (31). As men-
tioned in Sec. I1.C., instead of solving this equation directly,
we first consider Eq. (37), which is the nondimensional coun-
terpart for a concentrated load. The solution can be carried
out by Timoshenko’s step-by-step method?? in which Eq. (37)
is replaced by the following nonlinear algebraic equation:

n n 132
= (At')”[n - LAt fin =)~ xE}f,»] (@3)
J= J=

where At’ is a suitably small, dimensionless time interval. In
each time interval the dimensionless force is assumed to be
constant such that f; = f(jAt’). Also, the initial condition is
Jfo =0, that is, just at the begining of the contact, the contact
force is zero. The solution of Eq. (43) is carried out by an
iteration procedure, the details of which can be obtained from
several sources.®! Since the solution depends only on param-
eter A, the dimensionless force variations were obtained for
0 <A =<29 as shown in Fig. 4. From these curves, the actual
impact force curve is obtained as

F(t/To) = K(voTo)2f(¢") “44

Once F(t) is known, the value of ¢ is also known as a
function of time since a/F* = constant. Then substituting
these values in the deflection equation (13), we obtain the
central deflection of the plate as a function of time. In Fig. 5,
the following computed results are shown for the case of
A = 2.43: impact force history, F(¢); variation of the size of
contact ellipse, a(z); and the deflection of the center of the
ellipse, wo(z).

A=2.43
ms, =0-2199kg
Vo =125 m [s
Rg,= 0.0177m
_oaap el
- 012 P — 1
5 " 7 ~
E —0.10 N3
N
3
o~
~ *-0.08
0
-1.06
-0.04
-0.02
| | | L | .
0 0.25 0.5 0.75% 1.0 1.25 1.5 1.7% 2.0

t'=1/To

Fig. 6 Variation of central bending curvature d2wp/9x2 with dimen-
sionless time ¢’; curve 1: @ =1 X 10-6 m, curve 2: actual contact
area, and curve 3: values based on Schwieger’s semi-empirical ap-
proach.

For the determination of wy(¢), two types of calculations
were carried out, viz. when a =1 X 10~% m to represent a
concentrated load as well as when the actual value of a is
considered at every instant of time. Both of these results are
quite close to each other. Thus the concentrated load assump-
tion is quite good for the evaluation of central deflection.

However, in the case of the evaluation of the bending curva-
ture, the actual size of the contact area should be considered.
Figure 6 shows the computational results for thea =1 x 106
m case as well as those based on the actual value of a. Also,
the same figure shows the results using Schwieger’s semi-em-
pirical procedure of eliminating singularity at 7 = ¢ in Eq. (27)
where the upper limit of the integral has been replaced by
t — t,. For orthotropic plates the value of 7, has been given by
Frischbier'? as

_ ab |ph
"4 A/D;

Again a and b varied with time because of their dependence
on F(2). It was also noted that the convergence of the numer-

ical procedure for bending curvatures is much slower than that
for deflections.

t 45)

IV. Conclusions

The principal objective of the present work, that is, the use
of an appropriate contact theory for orthotropic plates struck
by moving objects, has been achieved. Using the closed-form
solutions reported by the authors in an earlier publication, the
dynamic response of such a plate has been obtained without
making the usual assumption that the impact is concentrated
at a point. In fact, it is possible to consider an elliptical area of
contact whose size varies with the magnitude of the contact
force, as predicted by the theory. During impact the eccentric-
ity of the ellipse does not change. An iterative procedure has
been proposed for the determination of the contact force
history in which the first approximation is obtained by the
assumption of a concentrated force. However, further itera-
tions for the inclusion of the effect of a nonzero contact area
improve the solution only marginally for the cases considered.
Major effect of the contact area appears to be in the determi-
nation of bending curvatures. The well-known singularity at
T = t associated with a concentrated load is eliminated without
any change in the integral involving time.

It is expected that the present work will be helpful in pre-

_ dicting the impact behavior of fiber-reinforced-plastic lami-
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nas. However, for laminates, Sveklo’s analysis is not strictly
valid since it is based on the results for stresses developed in a
homogeneous orthotropic half-space when subjected to force
on its free surface. But if the individual laminas in a laminate
are of sufficient thickness in comparison with the size of the
contact ellipse, then the stress interaction between the impactor
and the top lamina is only marginally influenced by the pres-
ence of other laminas. This is because of the rapid attenuation
of stresses in the thickness direction as shown by Greszczuk.*
The problem of contact between general laminated or nonho-
mogeneous bodies (isotropic or anisotropic) has not been
solved satisfactorily so far. Either approximate solutions are
used or the contact law is obtained experimentally.”

In spite of these limitations, the analysis presented here is of
practical significance. It may be mentioned that the falling
weight test is one of the recommended tests for the mechanical
characterization of plastics (unreinforced as well as rein-
forced). This analysis can provide an improved understanding
of the test results.
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